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In low-temperature metallic magnets, ferromagnetic (FM) and antiferromagnetic (AFM) orders
can exist in a single system in different parts of the phase diagram as a function of some control
parameter. These phases can be adjacent, or exist concurrently, resulting in a phase transition
between a FM phase and an AFM one, or between a phase of concurrent FM and AFM order
and either of the pure phases. We show that universal quantum fluctuations qualitatively alter the
known phase diagrams for classical magnets: They shrink the region of concurrent FM and AFM
order, change various transitions from second to first order, and, in the presence of a magnetic field,
lead to either a quantum triple point where the FM, AFM and paramagnetic phases coexist, or to
a quantum critical end point.
Quantum phase transitions (QPTs) in metallic mag-
nets are of great current interest. It is well established
that in clean systems at low temperatures T the param-
agnetic (PM) to ferromagnetic (FM) transition is gener-
ically discontinuous or first order [1]. This was predicted
theoretically by Belitz, Kirkpatrick and Vojta (BKV)
[2, 3], and confirmed by numerous experiments [1]. It
is reconciled with the continuous or second-order nature
of the classical transition via a quantum tricritical point
(QTCP; see Ref. 4 for our use of the “quantum” prefix) in
the T -dependent phase diagram. In an applied magnetic
field h tricritical wings appear [5]; this also has been ob-
served [1]. At T = 0 the wings end in a pair of critical
points to be referred to as quantum wing critical points
(QWCPs). These observations demonstrate how quan-
tum fluctuations dramatically modify the classical FM
transition, which is generically continuous, exists only at
h = 0, and in a magnetic field is replaced by a crossover.
A more complex situation arises in systems where an-
tiferromagnetic (AFM) or spin-density-wave order is ob-
served in addition to FM order [6]. These range from rela-
tively simple compounds, such as FeRh [7] and NbFe2 [8],
to more complex Kondo-lattice systems such as CeRuPO
[9] and CeAgSb2 [10]. The transition from a pure FM to a
pure AFM in clean systems is usually observed to be dis-
continuous, although in systems that contain substantial
amount of disorder, such as Mn-doped Ni2MnGa [11],
Ba0.6K0.4Mn2As2 [12], and CaRu1−xMnxO3 [13], there
may be a continuous transition from a pure FM phase to
a phase of concurrent FM and AFM orders.
The classical theory of this transition has been dis-
cussed by Moriya and Usami (MU) [14, 15]. The relevant
Landau free-energy density is
f = r n2 + tm2 + un4 + vm4 + 2wn2m2 − hm , (1)
with n the AFM order parameter and m the FM one. r,
t, u, v and w are Landau coefficients. MU assumed that
u, v, and w were all positive; we will adopt this assump-
tion [16]. Physically, w is a measure of the free-energy
cost of having simultaneous FM and AFM order. The
results of MU can be summarized as follows. At h = 0,
and for w2 > uv, there is a discontinuous transition from
a pure FM phase to a pure AFM phase, see Fig. 1(a). If
w2 < uv, a phase of concurrent AFM and FM order exists
(to be denoted as the FM+AFM phase); it is separated
from pure AFM and pure FM phases by two continu-
ous transitions, see Fig. 1(b). In the space spanned by
h and a control parameter that tunes the system from
FM to AFM to PM, w2 > uv leads to the AFM being
confined to a dome, with part of the perimeter a line of
first-order transitions from AFM to FM, and the other
part a line of second-order transitions from AFM to spin-
polarized PM, with a tricritical point (TCP) separating
the two halves of the dome perimeter [4]. Qualitatively,
the phase diagram looks like Fig. 3(a), which includes
weak quantum fluctuation effects [17]. w2 < uv leads
to FM+AFM order in the part of the dome adjacent to
the FM phase, which crosses over to a mixture of AFM
and spin-polarized PM in the part adjacent to the PM
phase. In this case the entire dome boundary is a line of
second-order transitions.
Given the drastic modifications of the FM-to-PM tran-
sition due to quantum effects described above, it is im-
portant to study the effects of quantum fluctuations on
the more complicated free energy given by Eq. (1), which
yields a rich phase diagram already in the classical case.
This is the purpose of the present Letter.
When quantum fluctuation effects are included, a novel
universal new term appears in Eq. (1). At T = 0 in three-
dimensional (3 -D) and 2-D systems, respectively, it is
δfD=3 = v˜ m
2(m2 + n4) ln(m2 + n4) , (2)
δfD=2 = −v˜m2(m2 + n4)1/2 . (3)
In these expressions, v˜ > 0 is a measure of the strength
of the quantum fluctuation effects. The Eqs. (2) and
(3) can be derived by coupling the conduction electrons
to the effective magnetic fields caused by the FM and
AFM order parameters. A detailed derivation will be
give elsewhere [18]; here we confine ourselves to some
plausibility arguments. In the absence of AFM order,
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2n = 0, the Eqs. (2, 3) reduce to the known quantum ef-
fects in FMs that are included in BKV theory [1]. The
nonanalytic term in the free energy reflects soft or mass-
less excitations in the conduction-electron system that
are rendered massive by a nonzero FM order parameter.
The basic question is how an AFM order parameter en-
ters this term. It cannot do so in the same way as the
FM order parameter, since it is characterized by a large
wave number. However, a pair of AFM order parame-
ters can combine to couple to both the homogeneous FM
order and the fermionic soft modes, which suggests that
n2 enters the nonanalytic term in the same way as m
does. A detailed analysis of the nature and couplings
of the FM and AFM paramagnons in a metal, based on
a recent study of magnons in AFMs [19], confirms this
conjecture. Physically, the FM and AFM orders produce
an effective homogeneous and staggered magnetic field,
respectively, that affects the conduction electrons. Inte-
grating out the latter produces the nonanalytic term in
the magnetic free-energy functional. We note that the
n4 term multiplying the brackets is of higher order in the
order parameters and should not be taken seriously. It
has no qualitative effects for the following discussion.
We now compute 3D phase diagramsby minimizing
the free-energy functional f + δf with respect to m and
n. In 2 -D the quantum effects are even stronger; this
will be discussed elsewhere [18].
r-t phase diagrams: For the most basic phase diagram
in the plane spanned by r and t at h = 0, with all other
parameters fixed, there are two possibilities: i) A sin-
gle discontinuous QPT from a pure FM state to a pure
AFM state, or, ii) a continuous QPT from a FM phase to
an FM+AFM phase, followed by a discontinuous transi-
tion to a pure AFM phase. Which of these possibili-
ties is realized depends on the parameter w in Eq. (1).
For w larger than a critical value one has the situation
shown in Fig. 1(a). There is a single transition from
FM to AFM, and no FM+AFM phase occurs. A qual-
itative change compared to the classical phase diagram
discussed by MU, shown in the inset, is that the FM-PM
transition is first order due to the quantum fluctuations.
As a result, the bicritical point (BCP) in the classical
phase diagram is replaced by a quantum critical end point
(QCEP) [4, 20]. Quantitatively, the quantum fluctua-
tions enlarge the FM phase at the expense of the AFM
one. For w smaller than the critical value one has the
situation shown in Fig. 1(b), with an FM+AFM phase
in between the FM and AFM phases in a part of the
phase diagram. However, in a qualitative change from
the classical phase diagram shown in the inset, a direct
FM-to-AFM transition exists, and there are two QCEPs
instead of a single tetracritical point (TetCP) in the clas-
sical case, and the existence of this phase is restricted to
sufficiently negative values of r. The latter feature can
be understood from a basic feature of the free energy:
Classically, for any solution with m > 0 and n > 0 one
Figure 1: Phase diagrams in the r-t plane for the quantum
(v˜ = 0.4, main panels) and classical (v˜ = 0, insets) free-energy
functionals for the large-w (a) and small-w (b) case. Dashed
and solid lines denote first and second-order transitions, re-
spectively. QCEP denotes quantum critical end points, BCP
denotes a bicritical point, and TetCP a tetracritical point; see
Refs. 4, 20 for the nomenclature used. Parameter values are
u = v = 1, w = 2 for panel (a) and w = 0.5 for panel (b).
has n2 = (−r − 2wm2)/2u, and a relation of the same
structure remains true in the quantum case. The quan-
tum fluctuations make m discontinuous, which implies
that n can be real, and the FM+AFM solution can exist,
only for sufficiently large negative r. In addition to the
FM-to-PM transition, those from FM to AFM, and from
FM+AFM to AFM, are all first order as a result of the
quantum fluctuations; the latter thus drastically change
the nature of the phase diagram. We note that across
the first-order FM-AFM transition in Fig. 1(b) the AFM
order parameter is discontinuous, just as the FM one is.
This is an example of quantum fluctuations driving an
AFM transition first order even though they couple only
indirectly to the AFM order parameter.
In order to relate more directly relevant to experi-
ments, consider a control parameter p on which both t
and r depend. Changing p will thus map out a path in
the t-r plane. In an actual experiment, p is often, but
not necessarily, realized by hydrostatic pressure [1]. For
simplicity we will consider only linear paths:
r(p) = r0 + (r1 − r0)p , t(p) = t0 + (t1 − t0)p . (4)
3Figure 2: Phase diagrams in the w-p plane for the quantum
(main panel) and classical (inset) free-energy functionals with
u = v = 1. The quantum effects lead to a strong asymmetry of
the phase diagram, replace one of the second-order transitions
with a first-order one, and the classical bicritical point (BCP)
with a quantum critical end point (QCEP, see Refs. 4, 20).
p parameterizes a linear path in the r-t plane, Eq. (4) and
Fig. 1, with r0 = 0, r1 = −0.05, t0 = t1 − 0.05. For the main
panel, t1 is the t-value corresponding to the QCEP located at
r = 0 in Fig. 1; for the inset, t1 = 0.
w-p phase diagram: To illustrate the qualitative depen-
dence on w we show the phase diagram in the w-p plane
in Fig. 2 for paths that start in the FM phase and end
in the AFM phase. Comparing with the classical case we
see again that the quantum effects shrink the FM+AFM
phase, change the transition from the latter to the AFM
from second to first order, and change the classical BCP
to a QCEP. In addition, they lead to a pronounced asym-
metry of the phase diagram, whereas the classical one is
symmetric with respect to p = 0.5 for the path chosen.
h-p phase diagrams: In the presence of a magnetic field
h, and for relatively large w, there are three possibilities:
i) For small v˜ the QWCP, which marks the end point of
the tricritical wing at T = 0, lies inside the AFM dome,
see Fig. 3(a). In this case the wing and the QWCP are
not observable, and the structure of the phase diagram is
qualitatively the same as in the classical MU theory: The
AFM dome is delineated on the left by a first-order tran-
sition to a (field-polarized) FM state, and on the right by
a second-order transition to a field-polarized PM state,
with a tricritical point (TCP) separating the two parts of
the dome boundary. The TCP may lie to the left or to the
right of the dome maximum, depending on parameters,
see also Fig. 4(a) and the related discussion. ii) For larger
values of v˜ the QWCP lies outside the AFM dome. If
the tricritical wing crosses the dome boundary where the
AFM becomes unstable via a first-order transition, there
is a quantum triple point (QTP) where the field-polarized
FM and PM phases coexist with each other and with the
AFM phase. The tricritical wing now has a part that
is outside of the AFM dome and hence observable, and
Figure 3: Phase diagrams in the h-p plane for u = v = 1,
w = 2, and three different values of the quantum fluctuation
parameter v˜. For v˜ = 0.5, panel (a), the structure is qualita-
tively the same as in the classical MU theory; for larger values
of v˜ it is drastically different. Dashed and solid lines denote
first and second-order transitions, respectively. The dotted
(green) line is the unobservable part of the tricritical wing
inside the AFM dome and does not represent a phase transi-
tion. Special points are a tricritical point (TCP), a quantum
wing critical point (QWCP), a quantum triple point (QTP),
and a quantum critical end point (QCEP), see see Refs. 4, 20
for the nomenclature used. p parameterizes the linear paths
in the r-t plane, Eq. (4), shown in the insets.
the dome boundary consists of three parts: A first-order
AFM-FM transition, a first-order AFM-PM transition,
and a second-order AFM-PM transition, with the TCP
that also exists in the classical phase diagram separating
the latter two. This case is illustrated in Fig. 3(b). iii)
For even larger values of v˜ the tricritical wing intersects
4the AFM dome in its second-order section. The dome
boundary now consists of only two sections, one first or-
der and one second order, that are separated by a QCEP,
see Fig. 3(c). In all three cases, the near-linear shape of
the left side of the AFM dome reflects the unobservable
part of the tricritical wing inside the dome and thus is a
direct consequence of the quantum fluctuations. It is in
sharp contrast to the much more symmetric and evenly
curved phase diagram in MU theory. We note in pass-
ing that the QWCP and the asymptotic behavior of the
AFM-PM phase boundary near p = 1 can be determined
analytically; the other parts of the phase diagram were
obtained by numerically minimizing the free energy.
For relatively small w, there are two possibilities: i) If
the path in the r-t plane does not cross the FM+AFM
phase, then the p-h phase diagram is qualitatively the
same as in the large-w case, see Fig. 4(a), which has the
same structure as Fig. 3(a). ii) If the path does cross
the FM+AFM phase, a qualitatively new feature arises:
For small external fields, there is a first-order transition
from the FM+AFM phase to the FM phase. This is a
true phase transition within the AFM dome that has no
analog in the large-w case. This line of first-order tran-
sitions ends in a quantum critical point (QCP), which in
Fig. 4(b) lies within the AFM dome. This is still true for
the larger values of v˜ used in Figs. 3(b, c). The reason
is that with increasing v˜ the FM+AFM phase in the r-t
plane is pushed to larger negative r values. The resulting
increase in the h-scale that characterizes the height of the
AFM dome mostly compensates for the increased size of
the tricritical wing, and the first-order transition remains
within the dome even for v˜ = 0.75. With decreasing v˜
the length of the first-order line decreases, and in the
classical case it shrinks to zero and the only transition
within the dome is a critical point at h = 0 [14].
Relation to Experiments: Our results help explain why
the FM+AFM phase is rarely seen and draws attention
when it is [12, 21, 22]: It requires a special range of w-
values and special properties of the path in the r-t plane,
since the quantum effects push the FM+AFM phase to
negative r-values of, see Figs. 1(b), 4.
The observed first-order nature of the FM-AFM tran-
sition can be understood even within the classical MU
theory, see Fig. 1(a). This feature is true a fortiori in the
presence of quantum fluctuations: The parameter regime
where the transition exists is enlarged compared to the
classical case, and the transition is more strongly first
order since the FM-PM transition is first order as well.
A recent experimental study of LaCrGe3 has found an
h-p phase diagram (p being hydrostatic pressure) con-
sistent with Fig. 3(c), with a QWCP well outside the
AFM dome [23]. For CeRuPO a phase diagram in T -p-
h space has been partially mapped out [9]. In the h-p
plane a metamagnetic transition was found outside the
AFM dome that also is consistent with the existence of
the FM-PM first order transition line in Figs. 3(b,c).
Figure 4: Phase diagram in the h-p plane for u = v = 1,
w = 0.5, v˜ = 0.4. The paths parameterized by p are shown in
the insets. Solid and dashed lines denote continuous and first-
order transition, respectively. QTCP and QCP denote quan-
tum tricritical and quantum critical points, respectively, see
see Ref. 4 for the nomenclature used. The dotted (green) line
in panel (a) is the unobservable tricritical wing, and QWCP
is the unobservable quantum wing-critical point. Note the
qualitative difference between the two paths.
Additional remarks: A nonzero temperature cuts off
the nonanalyticities in Eqs. (2, 3), which leads to new
QTCPs or QCEPs. This will be discussed elsewhere [18].
In the presence of quenched disorder the nonanalytic-
ities analogous to Eqs. (2, 3) are stronger and have the
opposite sign, and the FM-PM transition is continuous
[1]. It is likely that the FM+AFM phase is enhanced in
this case, but a detailed investigation is necessary.
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